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Neutrino masses and loop calculations of electromagnetic properties
Neutrino masses and lepton mixing are confirmed evidence of physics beyond the Standard Model (SM), pioneering work by Pontecorvo; Gribov and Pontecorvo; Maki, Nakagawa, Sakata on searches for these.
Neutrino oscillations discovered in solar and atmospheric ν experiments (Davis Homestake exp., Kamiokande, IMB, SAGE, GALLEX, SuperKamiokande, SNO) further studies via accelerator exps. (K2K, MINOS, MiniBooNE, OPERA, T2K, NOvA...) and reactor exps. (KamLAND, Double Chooz, Daya Bay, RENO...); great progress in gaining knowledge of ν masses and lepton mixing, with intensive current and future exp. programs; many talks at this conf.
One extends the SM to include neutrino masses via addition of electroweak-singlet ν i,R fields, and hence Dirac and Majorana mass terms with interesting connection to possible UV completions of SM.
Via seesaw mechanism, very small ν masses are plausibly related to very high mass scales of new physics beyond SM. to < ∼ 2 eV (future, KATRIN...). Stringent cosmological upper limit on i m(ν i ).
Also useful to search for emission of heavier neutrinos via mixing (Shrock, Phys. Lett. B96, 159 (1980) ; Kobzarev, Martemyanov, Okun, Shchepkin, Yad. Fiz. 32, 1590 (1980 [Sov. J. Nucl. Phys. 32, 823 (1980) ] via kink in Kurie plot, correlated upper limits on |U ei | 2 from many searches; e.g., recent Troitsk limits in Belesev et al., JETP Letts. 97, 67 (2013) [arXiv:1211.7193] , Belesev et al., arXiv:1307.5687 .
Neutrino masses, mixing, and electromagnetic properties of neutrinos continue to be important areas of theoretical and experimental study, especially since they probe new physics beyond the SM. 
RG Flow from UV to IR; Types of IR Behavior and Role of IR Fixed Point
Consider an asymptotically free, vectorial gauge theory with gauge group G and N f massless fermions in representation R of G.
Asymptotic freedom ⇒ theory is weakly coupled, properties are perturbatively calculable for large Euclidean momentum scale µ in deep ultraviolet (UV). The quark-parton picture is applicable here and leads to scaling behavior in deep inelastic scattering, and quark-counting rules for dσ/dt and F (t) (Matveev, Muradyan, and Takhelidze; Brodsky and Farrar).
The question of how an asymptotically free gauge theory flows from large µ in the UV to small µ in the infrared (IR) depends on N f and is of fundamental field-theoretic interest.
In QCD with N f = 2 or N f = 3 light quarks, the β function has no perturbative IR zero. We focus on a theory with larger N f and hence different properties, where there may be an exact or approximate IR fixed point (zero of β).
Denote running gauge coupling at scale µ as g = g(µ), and let
The dependence of α(µ) on µ is described by the renormalization group (Stueckelberg and Peterman, Gell-Mann and Low, Bogoliubov, Shirkov, Callan, Symanzik, Wilson) . The β function is
where t = ln µ, ℓ = loop order of the coeff.
Coefficients b 1 and b 2 in β are independent of regularization/renormalization scheme, while b ℓ for ℓ ≥ 3 are scheme-dependent.
Asymptotic freedom means b 1 > 0, so β < 0 for small α(µ), in neighborhood of UV fixed point (UVFP) at α = 0.
As the scale µ decreases from large values, α(µ) increases. Denote α cr as minimum value for formation of bilinear fermion condensates and resultant spontaneous chiral symmetry breaking (SχSB).
Two generic possibilities for β and resultant UV to IR flow:
• β has no IR zero, so as µ decreases, α(µ) increases, eventually beyond the perturbatively calculable region. This is the case for QCD.
• β has a IR zero, α IR , so as µ decreases, α → α IR . In this class of theories, there are two further generic possibilities: α IR < α cr or α IR > α cr .
If α IR < α cr , the zero of β at α IR is an exact IR fixed point (IRFP) of the renorm. group (RG); as µ → 0 and α → α IR , β → β(α IR ) = 0, and the theory becomes exactly scale-invariant with nontrivial anomalous dimensions.
If β has no IR zero, or an IR zero at α IR > α cr , then as µ decreases through a scale Λ, α(µ) exceeds α cr and SχSB occurs, so fermions gain dynamical masses ∼ Λ.
If SχSB occurs, then in low-energy effective field theory applicable for µ < Λ, one integrates these fermions out, and β fn. becomes that of a pure gauge theory, with no IR zero. Hence, if β has a zero at α IR > α cr , this is only an approx. IRFP of RG.
If α IR is only slightly greater than α cr , then, as α(µ) approaches α IR , since β = dα/dt → 0, α(µ) varies very slowly as a function of the scale µ, i.e., there is approximately scale-invariant (= dilatation-invariant) behavior.
SχSB at Λ also breaks the approx. dilatation symmetry, might lead to a resultant approx. NGB, the dilaton. This is not massless, since β(α cr ) is nonzero.
Denote the n-loop β fn. as β nℓ and the IR zero of β nℓ as α IR,nℓ .
At the n = 2 loop level,
which is physical for b 2 < 0. One-loop coefficient b 1 is (Gross and Wilczek, Politzer)
where
Asymp. freedom requires N f < N f,b1z , where
For small N f , b 2 > 0; b 2 decreases as fn. of N f and vanishes with sign reversal at N f = N f,b2z , where
For arbitrary G and R, N f,b2z < N f,b1z , so there is always an interval in N f for which β has an IR zero, namely
• for SU(2), I: 5.55 < N f < 11
• for SU(3), I: 8.05 < N f < 16.5
• As N c → ∞, I: 2.62N c < N f < 5.5N c .
(expressions evaluated for N f ∈ R, but it is understood that physical values of N f are nonnegative integers.)
As N f decreases from the upper to lower end of interval I, α IR increases. Denote
Value of N f,cr is of fundamental importance, since it separates the (zero-temp.) chirally symmetric and broken IR phases.
Intensive current lattice studies of SU(N c ) gauge theories with N f copies of fermions in various representations R; progress toward determining N f,cr for various N c and R.
Higher-Loop Corrections to UV → IR Evolution of Gauge Theories
Because of this strong-coupling physics, one should calculate the IR zero in β, α IR , and resultant value of γ evaluated at α IR to higher-loop order (Ryttov and Shrock, PRD 83, 056011 (2011 ), arXiv:1011 .4542 and Pica and Sannino, PRD 83, 035013 (2011 , arXiv:1011.5917; related work by Gardi, Grunberg, Karliner).
Although coeffs. in β at ℓ ≥ 3 loop order are scheme-dependent, results give a measure of accuracy of the 2-loop calc. of the IR zero of β, and similarly with γ evaluated at this IR zero.
We make use of calculation of β and γ up to 4-loops in M S scheme by Vermaseren, Larin, and van Ritbergen. 
), β 3ℓ = 0 away from α = 0 at two values:
Since b 2 < 0 and b 3 < 0, can rewrite as α = 2π
Soln. with − sqrt is negative, hence unphysical; soln. with + sqrt is α IR,3ℓ .
We showed that with this b 3 < 0, the value of the IR zero decreases when calculated at the 3-loop level, i.e., α IR,3ℓ < α IR,2ℓ Proof:
The expression in square brackets is positive if and only if
This difference is equal to the positive-definite quantity 4b Since the existence of the IR zero in β at 2-loop level is scheme-independent, one may require that a scheme should maintain this property to higher-loop order, and hence that b 3 < 0 for N f ∈ I.
So the inequality α IR,3ℓ < α IR,2ℓ holds in all such schemes, not just in MS. We give an analysis of the zeros of β 4ℓ in a general scheme in Phys. Rev. D 87, 105005 (2013) . With MS, from 3-to 4-loop level, slight increase: α IR,4ℓ > ∼ α IR,3ℓ ; small change, so overall, α IR,4ℓ < α IR,2ℓ .
Our result of smaller fractional change in value of IR zero of β at higher-loop order agrees with expectation that calc. to higher loop order should give more stable result. We prove a general result on the shift of an IR zero of β when calculated at next higher order: assume fermion content is such that b 2 < 0, so theory has a 2-loop IR zero.
Consider a scheme in which the b ℓ with ℓ = 3, ..., n + 1 have values that preserve the existence of the scheme-independent 2-loop IR zero of β at higher-loop level (motivated physically).
Use fact that theory is asymptotically free, so β < 0 for 0 < α < α IR , and hence dβ nℓ /dα > 0 for α ≃ α IR,nℓ .
Expand β nℓ in Taylor series around α = α IR,nℓ :
Now calculate β to the next-higher-loop order, i.e., β (n+1)ℓ , and solve for α IR,(n+1)ℓ . To determine whether α IR,(n+1)ℓ is larger or smaller than α IR,nℓ , consider
In a scheme where b n+1 > 0, this difference, evaluated at α = α IR,nℓ , is negative, so, given that dβ nℓ /dα| α IR,nℓ > 0, to compensate for this, the zero shifts to the right, whereas if b n+1 < 0, the difference is positive, so the zero shifts to the left.
This general result is evident in our MS calculations.
It is of interest to calculate the anomalous dimension γ m ≡ γ for the fermion bilinear, with series expansion
is the ℓ-loop coefficient. The one-loop coeff. c 1 = 6C f is scheme-independent, the c ℓ with ℓ ≥ 2 are scheme-dependent and have been calculated up to 4-loop level in M S scheme, as noted above.
Denote γ calculated to n-loop (nℓ) level as γ nℓ and, evaluated at the n-loop value of the IR zero of β, as γ IR,nℓ ≡ γ nℓ (α = α IR,nℓ )
In the IR chirally symmetric phase, an all-order calculation of γ evaluated at an all-order calculation of α IR would be an exact property of the theory.
In the χ bk. phase, just as the IR zero of β is only an approx. IRFP, so also, the γ is only approx., describing the running ofψψ and the dynamically generated running fermion mass near the zero of β having large-momentum behavior
. In both phases, γ is bounded above as γ < 2.
Illustrative numerical values of γ IR,nℓ for SU(2) and SU(3) at the n = 2, 3, 4 loop level and fermions in the fundamental representation: A necessary condition for a perturbative calculation to be reliable is that higher-order contributions do not modify the result too much. We find that the 3-loop and 4-loop results are closer to each other for a larger range of N f than the 2-loop and 3-loop results.
We have also done higher-loop calcs. for a supersymmetric gauge theory in Ryttov and Shrock, Phys. Rev. D 85, 076009 (2012) (arXiv:1202.1297) -not discussed here.
So our higher-loop calcs. of α IR and γ allow us to probe the theory reliably down to smaller values of N f and thus stronger couplings, closer to N f,cr . Of course, perturbative calculations are not applicable when α is too large.
We have also performed these higher-loop calculations for larger fermion reps. R. In general, we find that, for a given N c , R, and N f , the values of γ IR,nℓ calculated to 3-loop and 4-loop order are smaller than the 2-loop value.
Example of a Comparison with Lattice Measurements
For SU (3) So here the 2-loop value is larger than, and the 3-loop and 4-loop values closer to, these lattice measurements. Thus, our higher-loop calculations of γ yield better agreement with these lattice measurements than two-loop calculations.
Further Higher-Loop Structural Properties of β
In addition to α IR,nℓ , further interesting structural properties of the n-loop beta fn. β nℓ include
• the derivative β ′ IR,nℓ ≡ dβ nℓ dα evaluated at α IR,nℓ .
• the magnitude and location of the minimum in β nℓ
In quasi-scale-invariant case where α IR > ∼ α cr , dilaton mass relevant in dynamical EWSB models depends on how small β is for α near to α IR and hence, at n-loop order, on β ′ IR,nℓ , via the series expansion of β nℓ around α IR,nℓ ,
We have calculated these structural properties analytically and numerically (RS, PRD 87, 105005 (2013) , arXiv:1301.3209.
Derivative of 2-loop β function at α IR,2ℓ :
We prove a general inequality: for a given gauge group G, fermion rep. R, and N f ∈ I (in a scheme with b 3 < 0, which thus preserves the existence of the 2-loop IR zero in β at 3-loop level),
We carry out a similar analysis of the derivative of the 4-loop β function evaluated at α IR,4ℓ , denoted β ′ IR,4ℓ , and find a similar decrease from 3-loop to 4-loop order. Some numerical values: This motivates a study of the UV to IR evolution of an SU(N c ) gauge theory with N f fermions in the fundamental rep. in the 't Hooft-Veneziano limit N c → ∞, N f → ∞ with
Denote this as the LNN (large N c , large N f ) limit. Asymptotic freedom requires r < 11/2. β ξ,2ℓ has IR zero for 34/13 < r < 11/2, i.e., 2.62 < r < 5.5.
We have carried out this study in RS, PRD 87, 116007 (2013 ), arXiv:1302 . Our results provide a unified quantitative understanding of the similarities in UV to IR evolution of SU(N c ) theories with different N c and N f but similar r.
With ξ = αN c and x = aN c = ξ/(4π), define a rescaled beta function that is finite in the LNN limit: We also study the anomalous dimension γ m ≡ γ ofψψ in this LNN limit.
Denote the n-loop γ evaluated at n-loop IR zero of β ξ as γ IR,nℓ .
e.g., at 2-loop level, General inequalities as before: γ IR,3ℓ < γ IR,2ℓ , γ IR,4ℓ < γ IR,2ℓ
We have studied the approach to the LNN limit and find that this is quite rapid, with , and s max may be finite or infinite.
After scheme transformation is applied, beta function in new scheme is
We calculate the b ′ ℓ as functions of the b ℓ and k s . At 1-loop and 2-loop, this yields the well-known results b
We find b C 2 : the ST should not map a moderate value of α, where perturbation theory is applicable, to a value of α ′ so large that pert. theory is inapplicable.
C 3 : J should not vanish, or else there would be a pole in β α ′ C 4 : Existence of an IR zero of β is a scheme-independent property, so the ST should satisfy the condition that β α has an IR zero if and only if β α ′ has an IR zero.
These conditions can always be satisfied by an ST near the UVFP at α = α ′ = 0, but they are not automatic, and can be quite restrictive at an IRFP. This is acceptable for small a, but if a > 1/r, i.e., α > 4π/r, it maps a real α to a complex α ′ and hence is physically unacceptable. For, say, r = 8π, this pathology can occur at the moderate value α = 0.5.
We have constructed several STs that are acceptable at an IRFP and have studied scheme dependence of the IR zero of β nℓ using these. For example, a = sinh(ra ′ ) r with inverse a ′ = 1 r ln ra + 1 + (ra) 2
We find reasonably small scheme-dependence for moderate α IR .
Since the b n with n ≥ 3 are scheme-dependent, one might expect that it would be possible, at least in the vicinity of the UVFP at α = α ′ = 0, to construct a scheme transformations that would set b ′ n = 0 for some range of n ≥ 3, and, indeed a ST that would do this for all n ≥ 3, so that β α ′ would consist only of the 1-loop and 2-loop terms ('t Hooft scheme).
We have constructed an explicit scheme transformation that does this in the vicinity of the UVFP at α = α ′ = 0.
To construct this ST, first, solve eq. b Continue this procedure iteratively.
Our studies give a quantitative assessment of the scheme dependence of an IR zero of β at loop order n ≥ 3.
